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th

Anniversary of the Liquid Drop Model

Zeitschrift fur Physik 96 (1935) 431 

found by Carl Friedri
h von Weizsä
ker (1912 � 2007).



.
Leptodermous expansion of the energy fun
tional

The one-body density of the nu
leus is given by the integral:

ρ = A

∫ ∫
. . .

∫
Ψ⋆Ψ d3r2 · · · d3rA ,

where Ψ(ξ1, ξ2, . . . , ξA) is the many-body wave fun
tion and A =
∫
ρd3r.

Similarly one de�nes the binding energy density:

η = −
∫ ∫

. . .

∫
Ψ⋆ĤΨ d3r2 · · · d3rA .

The total binding energy of the nu
leus is:

B =

∫

V

η dV =

∫

V

[η−bvol(ρ − ρ)] dV = bvolA +

∫

V

[η − bvolρ] dV
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Leptodermous expansion of the ETF-Skyrme energy:
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B =

∫

V
η d 3r = bvolA + bsurfA

2/3 + bcurvA
1/3 + bcurGA0 + . . .

Note! The magnitudes of the surfa
e and 
urvature terms depend on

the 
hoi
e of the expansion radius R = r0A
1/3

.



Ma
ros
opi
 � mi
ros
opi
 model

∗

:

M(Z,N ; def) = ZMH + NMn − belecZ
2.39

volume + bvol (1 − κvol I
2 )A

surface + bsurf (1 − κsurfI
2 )A2/3Bsurf(def)

curvature + bcur (1 − κcur I
2 )A1/3Bcur(def)

Coulomb + 3
5

e2Z2

rch0 A1/3 BCoul(def) − C4
Z2

A

+Emicr(Z,N ; def) + Econg(Z,N)

Here I = (N − Z)/A is the redu
ed isospin and

Emicr(Z,N ; def) = Eshell(Z,N ; def) + Epair(Z,N ; def)

while Econg = −10 exp(−4.2|I|) MeV is the Wigner energy.

∗

W.D. Myers and W.J. �wi�ate
ki, Nu
l. Phys. 81, 1 1966,

LSD → K. Pomorski and J. Dudek, Phys. Rev. C 67 (2003) 044316.



Lublin Strasbourg Drop

∗
Fit to the 2766 experimental masses

†

with Z ≥ 8 and N ≥ 8:

Term Units LDM LSD

bvol MeV -15.8484 -15.4920

κvol - 1.8475 1.8601

bsurf MeV 19.3859 16.9707

κsurf - 1.9830 2.2938

bcur MeV 0 3.8602

κcur - 0 -2.3764

r0 fm 1.18995 1.21725

C4 MeV 1.1995 0.9181

δM MeV 0.732 0.698

δVBZ>70

MeV 5.58 0.88

MH=7.289034 MeV; Mn=8.071431 MeV; belec=1.433 eV

∗

K. Pomorski , J. Dudek, Phys. Rev. C67, 044316 (2003).

†

Chart of Nu
lides by M.S. Antony, Strasbourg, 2002.



Masses of isotopes:
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. Chart of Nu
lides by M.S. Antony, Strasbourg, 2002.

LSD: K. Pomorski, J. Dudek, Phys. Rev. C67, 044316 (2003).

TF: P. Möller, J.R. Nix, W.D. Myers, W.J. �wi�ate
ki, ADNDT 59, 185 (1995).



Masses of nu
lei far from stability:

 0

 40

 80

 120

 160

 0  40  80  120  160  200  240

Z

N

A=54

A=109

A=175

A=248
MTF - MLSD [MeV]

-25
-15
-10
-5.0
-2.0
-0.5
-0.2
0.2
0.5
2.0

-24

-20

-16

-12

-8

-4

 0

 4

 0  20  40  60  80  100  120

M
T

F
 -

 M
LS

D
 [M

eV
]

Z

βstable
S2p=0
S2n=0

LSD: K. Pomorski, J. Dudek, Phys. Rev. C67, 044316 (2003).

TF: P. Möller, J.R. Nix, W.D. Myers, W.J. �wi�ate
ki, ADNDT 59, 185 (1995).



Isospin square dependent LD formula

∗

EB =
[
bvolA + asurfA

2/3 + acurA
1/3

] [
1 − κ

|N−Z|(|N−Z|+2)
A2

]

+aCoul
Z(Z−1)

A1/3 ± δ√
A

It is to be noted that volume, surfa
e and 
urvature terms


arry the same isospin parameter k. The last term de
ribes

the odd-even mass di�eren
e.

Note that the Wigner term is already 
ontained in the LD

energy.

* L.G. Moretto, P.T. Lake, L. Phair, J.B. Elliott, Phys. Rev. C86 (2012) 021303(R).



Four di�erent parameter sets �tted by Moretto et al.

∗

avol asurf acur κ aCoul δ r.m.s.

[MeV℄ [MeV℄ [MeV℄ [MeV℄ [MeV℄ [MeV℄

Mi -15.597 17.32 0.0 1.8048 0.7060 11.4 0.76

Mii -14.843 14.843 0.0 1.7196 0.6585 10.1 2.06

Miii -15.25 15.17 3.8 1.779 0.6932 11.3 0.73

Miv -15.264 15.264 3.6 1.7805 0.6938 11.3 0.73

The �t was performed using a set of 2076 masses

∗∗

, 
orre
ted for the

shell and deformation e�e
ts a

ording to Moller et al.

∗∗∗

∗

L.G. Moretto, P.T. Lake, L. Phair, J.B. Elliott, Phys. Rev. C86 (2012) 021303(R).

∗∗

G. Audi, O. Bersillon, J. Bla
hot, A. H. Wapstra, Nu
l. Phys. A729 (2003) 3.

∗∗∗

P. Moller, J. R. Nix, W. D. Myers, W. J. Swiate
ki, ADNDT 59 (1995) 185.



Volume and symmetry energy in di�erent LD models
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MS66: W.D. Myers and W.J. Swiate
ki, Nu
l. Phys. 81 (1966) 1.

LDM,LSD: K. Pomorski and J. Dudek, Phys. Rev. C 67 (2003) 044316.

Mi,Miii: L.G. Moretto et al., Phys. Rev. C86 (2012) 021303(R).



Wigner term in Swiate
ki and Moretto approa
hes

It is interesting to 
ompare the Wigner/
ongruen
e energy term in the

models 
onsidered above:

MS66: −7 exp(−6|I|) MeV −→ ∼ 42 · |I| MeV

MNNS: −10 exp(−4.2|I|) MeV −→ ∼ 42 · |I| MeV

M-i: −2κ
(
−15.594 + 17.32

A1/3

)
|I| MeV −→ 40.7 · |I| MeV for A = 64

. −→ 45.9 · |I| MeV for A = 216

Contrary to the exponential, the linear dependent on I Wigner term

does not vanish for large values of isospin. It will in�uen
e signi�
antly

the binding energy predi
tions for the heavy neutron rea
h nu
lei.

MS66: W.D. Myers and W.J. Swiate
ki, Nu
l. Phys. 81 (1966) 1.

MNMS: P. Moller, J. R. Nix, W. D. Myers, W. J. Swiate
ki, ADNDT 59 (1995) 185.

M-i : L.G. Moretto, P.T. Lake, L. Phair, J.B. Elliott, Phys. Rev. C86 (2012)

. 021303(R).



Topographical theorem of Swiatecki



LSD barrier heights obtained using the topographi
al

theorem of Swiate
ki

∗

 0

 2

 4

 6

 8

 10

 232  236  240  244  248

M
sa

dd
 -

 M
g.

s.
ex

p   [
M

eV
]

A

Th U

Pu

Cm

Cf

exp
LSD

* W.D. Myers, W.J. Swiate
ki, Nu
l. Phys. A601, 141 (1996).

A. Dobrowolski, B. Nerlo-Pomorska, K. Pomorski, A
ta Phys. Pol. B40, 705 (2009).



Fission barrier heights in the Moretto et al. models

∗
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Fission barrier heights in diferent LD models

∗
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Fission barrier heights of Po isotopes in LSD and Mi
∗

Sagaidak and Andreyev has made the analysis

of the barrier heights shown in the neighbouring

�gure taken from [Phys. Rev. C79 (2009)

054613℄:

* J. Bartel, B. Nerlo-Pomorska, K. Pomorski,

C. S
hmitt, Phys. S
r. (2015) in print.



Spontaneous �ssion life-times systemati
s

ε, ε
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The transformation:

x(s) =

s∫

ssadd

√
Bss(s

′)

m
ds′ ,

ansures that Bxx = m=
onst.

The potential V [s(x)] in the new 
o-

ordinate x 
an be approximated by:

Ṽ (x) =

{
Vsadd − 1

2
Cl x

2 for x < 0 ,

Vsadd − 1
2
Cr x

2 for x > 0 ,

E0

Vsadd

xl 0 xr

V
(x

)

VB
~
V(x)

V(x)



WKB approximation

The spontaneous �ssion half�life is given by:

T sf
1/2 =

ln 2

nP
, where P =

1

1 + exp{2S(L)}.

The WKB a
tion-integral along the �ssion path L(x) is given by:

S(L) =

sr∫

sl

√
2

h̄2
Bss[V (s) − E0]ds ≈

xr∫

−xl

√
2m

h̄2
[Ṽ (x) − E0] dx

After a small algebra the a
tion integral be
omes

S =
π

2h̄
VB

(√
m

Cl
+

√
m

Cr

)
=

π

h̄
VB

ωl + ωr

2ωl ωr
=

π

h̄
VB ω̃ ,

where ωl =
√
Cl/m and ωr =

√
Cr/m the inveted H.O. frequen
ies.

For S > 1 the logarithm of the s.f. half-lives takes the form:

log(T sf
1/2) =

2π

h̄
VB ω̃ − log(n) − log[ln2] ,

where n is the frequen
y of assaults against the �ssion barrier.



Spontaneous �ssion halve-lives for e-e isotopes

∗
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We have assumed here the linear dependen
e of ω̃ in Z.

K. Pomorski, M. Warda and A. Zdeb, Phys. S
r. in print; arXiv:1501.03912v1.

Confer also: W.J. Swiate
ki, Phys. Rev. 100, 937 (1955).



Masses of A=240 nu
lei at di�erent deformations
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Very deformed stable nu
lei be
omes β-unstable! Read more in:

K.Pomorski, B. Nerlo=Pomorska and P. Quentin, Phys. Rev. C 91, 054605 (2015).



Con
lusions:

• The liquid drop like phenomenologi
al models with realisti
 mi
ro-

s
opi
 
orre
tions are able to reprodu
e the binding energies of know

isotopes with a

ura
y of the order of 0.7 MeV.

• The �tted in volume symmetry energy varies from 27 to 30 MeV

dependent on the LD model.

• The good a

ura
y in reprodu
tion of the ground state binding

energies does not guarantee that the �ssion barrier heights are also

reprodu
es.

• The di�erent isospin dependen
e of the Wigner energy in 
onside-

red models will in�uen
e signi�
antly predi
tions of masses for the

heavy neutron rea
h nu
lei.

• Experimental study of the super and hyper-deformed shape isomers


ould bring important informations on the surfa
e energy symmetry

term.

• Systemati
s of the �ssion barrier heights and the T sf
1/2


on�rms in

addition the right isospin dependen
e of the LSD terms.



Thank you for your attention!




