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llooww--mmaassss  NNSS  mmooddeellss  

•  llooww--mmaassss  NNSSss  
–  llooww--cceennttrraall  ddeennssiittyy    
–  EEOOSS  ffoorr  llooww--ddeennssiittyy  rreeggiioonn  ppllaayyss  aann  iimmppoorrttaanntt  rroollee  
–  mmaayy  bbee  aabbllee  ttoo  ddiissccuussss  tthhee  sstteellllaarr  mmooddeellss  wwiitthhoouutt  tthhee  EEOOSS  ffoorr  hhiigghh  
ddeennssiittyy  rreeggiioonn  

•  EEOOSS  ooff  nnuucclleeaarr  mmaatttteerr  ffoorr  ρ≲ρ00  ((nnoorrmmaall  nnuucclleeaarr  ddeennssiittyy))  
wwoouulldd  bbee  ddeetteerrmmiinneedd  wwiitthh  rreeaassoonnaabbllee  aaccccuurraaccyy  bbyy  
tteerrrreessttrriiaall  nnuucclleeaarr  eexxppeerriimmeennttss..  
–  ssaattuurraattiioonn  ppaarraammeetteerrss  mmaayy  bbee  ccoonnssttrraaiinneedd  vviiaa  ssuucchh  tteerrrreessttrriiaall  
eexxppeerriimmeennttss..    

•  FFoorr  ρ≲  22ρ00,,  oonnee  mmaayy  aallmmoosstt  nneegglleecctt  uunncceerrttaaiinnttiieess  ooff  
tthhrreeee  nnuucclleeoonn  iinntteerraaccttiioonn  ((GGaannddoollffii++  22001122))  aanndd  ccoonnttrriibbuuttiioonn  
ffrroomm  hhyyppeerroonn  ((oorr  qquuaarrkk  eettcc......))..  

                    wwee  ffooccuuss  oonn  tthhee  NNSS  mmooddeellss  ffoorr  ρ≲  22ρ00    
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uunniiffiieedd  EEOOSS  mmooddeess  
•  uunniiffiieedd--EEOOSS  mmooddeellss  

–  bbaasseedd  oonn  tthhee  EEOOSSss  ooff  nnuucclleeaarr  mmaatttteerr  wwiitthh  ssppeecciiffiicc  vvaalluueess  ooff  KK00  &&  LL  
–  ccoonnssiisstteenntt  wwiitthh  eemmppiirriiccaall  ddaattaa  ooff  mmaasssseess  aanndd  rraaddiiii  ooff  ssttaabbllee  nnuucclleeii  
–  ddeessccrriibbiinngg  bbootthh  tthhee  ccrruussttaall  aanndd  ccoorree  rreeggiioonnss  ooff  NNSS  

•  wwee  eessppeecciiaallllyy  ffooccuuss  oonn  
–  pphheennoommeennoollooggiiccaall  EEOOSS  wwiitthh  vvaarriioouuss  KK00  &&  LL    
((OOyyaammaattssuu  &&  IIiiddaa  22000033;;  22000077))  

–  EEOOSSss  bbaasseedd  oonn  rreellaattiivviissttiicc  mmeeaann  ffiieelldd  mmooddeellss  
•  SShheenn  EEOOSS  ((SShheenn++  11999988))    
•  MMiiyyaattssuu  EEOOSS  ((MMiiyyaattssuu++  22001133))  

–  SSkkyyrrmmee--ttyyppee  eeffffeeccttiivvee  iinntteerraaccttiioonn  
•  FFPPSS  ((PPeetthhiicckk++  11999955)),,  
•  SSLLyy44  ((DDoouucchhiinn  &&  HHaaeennsseell  22000011))  
•  BBSSkk1199,,  BBSSkk2200,,  BBSSkk2211  ((PPootteekkhhiinn++  22001133))  
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EEOOSSss  bbaasseedd  oonn  tthhee  ddiiffffeerreenntt  
tthheeoorreettiiccaall  mmooddeellss  
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MMRR  rreellaattiioonnss  
•  NNSS  mmooddeellss  aarree  ccoonnssttrruucctteedd  wwiitthh  vvaarriioouuss  sseettss  ooff  KK00  &&  LL  
•  WWee  ccaann  ffiinndd  tthhee  ssppeecciiffiicc  ccoommbbiinnaattiioonn  ooff  KK00  &&  LL  ddeessccrriibbiinngg  
tthhee  llooww--mmaassss  NNSSss,,  
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vanishes. It is not clear up to what density the adopted unified-EOSs are applicable. Nonetheless,

one can expect that the uncertainty from three-neutron interactions in the EOS of pure neutron

matter becomes relevant for ρ ! 2ρ0, as suggested by quantum Monte Carlo calculations28. We

thus examine the stellar models for ρc ≤ 2ρ0.

Fig. 1(a) shows the resultant M -R relation. To systematically describe various stellar models,

we introduce a new auxiliary parameter η defined as

η = (K0L
2)1/3. (1)

Remarkably, the M -R relation changes almost smoothly with η. In fact, we carefully chose the

powers of the parameters K0 and L in finding η. Note that we do not adopt the OI-EOS with

L " 10 MeV14, 15, because the pressure can become negative inside the star, which may tell us the

lower limit of η as η ! 30 MeV. Meanwhile, the upper limit sets that η " 200 MeV (Extended

Data Table 1) to examine in the wide-range parameter space, which is significantly higher than the

usual expectations in the nuclear physics7.

From the observational viewpoint, the radiation radius R∞ = R/
√

1 − 2GM/Rc2 and the

gravitational redshift z = 1/
√

1 − 2GM/Rc2 − 1 may be more relevant in describing the stellar

properties, which relation can be written as in Fig. 1(b). Actually, the detected photon flux is

proportional to (R∞/D)2, where D is the distance from the Earth. The gravitational redshift is

associated with the shift of atomic absorption lines emitted from stellar surface.

The smooth change of the stellar properties with η suggests that not only future terrestrial

4

Table 1: EOS parameters. K0 is incompressibility, L is the density dependence of the nu-

clear symmetry energy, and η is a new nuclear matter parameter defined as η = (K0L2)1/3.

EOS K0 (MeV) L (MeV) η (MeV)

OI-EOS 180 31.0 55.7

180 52.2 78.9

230 42.6 74.7

230 73.4 107.4

280 54.9 94.5

280 97.5 138.6

360 76.4 128.1

360 146.1 197.3

Shen 281 114 154.0

Miyatsu 274 77.1 117.7

FPS 261 34.9 68.2

SLy4 230 45.9 78.5

BSk19 237 31.9 62.3

BSk20 241 37.4 69.6

BSk21 246 46.6 81.1

15

ρcc  <<  22ρ00  

6 



mmaassss  ffoorrmmuullaa  

JJuunn..//3300//22001155  NNuuSSYYMM1155@@KKrraakkooww  

50 100 150 2000

0.6

1.2

1.8

! [MeV]

M
/M

!
OI 180
OI 230
OI 280
OI 360
Shen
Miyatsu
FPS
SLy4
BSk19
BSk20
BSk21

"c = 1.5"0

"c = 2.0"0

"c = 1.0"0

50 100 150 2000

0.04

0.08

0.12

0.16

0.20

0.24

! [MeV]

z

OI 180
OI 230
OI 280
OI 360
Shen
Miyatsu
FPS
SLy4
BSk19
BSk20
BSk21

"c = 1.5"0

"c = 2.0"0

"c = 1.0"0

(a)

(b)

Figure 2: Neutron star masses in (a) and the gravitational redshifts of neutron star in (b) as a function of η. The

stellar models with the various unifrid-EOSs are constructed for ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0. The solid, broken, and

dotted lines are the linear fitting to the cases of ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0 (see text for details).
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Figure 3: The correspondence between the coefficients obtained in Eq. (2) and the quadratic fitting curve as a

function of ρc/ρ0. In the figure, the marks denote the coefficients obtained in Eq. (2), while the solid and broken lines

correspond to the fitting curve for c0 and c1. We consider the stellar models only for ρc ! 0.9ρ0 to avoid the unstable

neutron star models.

14

nuclear experiments but also simultaneous measurements of stellar properties, such as M and R,

could constrain η, which could in turn lead to restriction of stellar models. In particular, observa-

tions of low-mass neutron stars would be essential. For example, the radiation radius of the X-ray

source, CXOU 132619.7–472910.8, in the globular cluster NGC 5139 (ω Cen) has been deter-

mined as R∞ = 14.3 ± 2.1 km from the Chandra data29. The allowed region from this radiation

radius is shown in Fig. 1(a) and (b) with the shaded region. This is consistent with various values

of η, but future precise determination of R∞ could constrain η, if M is low enough. Additionally,

thermal spectra detected from quiescent low-mass X-ray binaries are expected to give M and R

simultaneously5, 6, which could tell us a stringent constraint on η.

To examine the dependence of the stellar properties on η more clearly, we plot the stellar

masses for ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0 in Fig. 2(a). From this figure, we find that the stellar

masses with the fixed central density can be approximately expressed as a linear function of η,

M

M⊙
= c0 + c1

( η

100 MeV

)
, (2)

where c0 and c1 are constants depending on ρc. The validity of η is now evident. The deviation

from this formula for ρc = 2ρ0 is larger than that for ρc = ρ0, which could be due to the effect of

three-nucleon interaction. Moreover, we find that the coefficients in equation (2) can be expressed

well with the quadratic curve as a function of uc ≡ ρc/ρ0 within the accuracy less than a few

percent as in Fig. 3. Finally, we can derive the mass formula of low-mass neutron stars;

M

M⊙
= 0.371 − 0.820uc + 0.279u2

c − (0.593 − 1.254uc + 0.235u2
c)

( η

100 MeV

)
, (3)

where we consider the stellar models for ρc ! 0.9ρ0, because the stellar models for ρc " 0.9ρc can

5
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Figure 2: Neutron star masses in (a) and the gravitational redshifts of neutron star in (b) as a function of η. The

stellar models with the various unifrid-EOSs are constructed for ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0. The solid, broken, and

dotted lines are the linear fitting to the cases of ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0 (see text for details).
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become unstable, depending on EOSs.

We also find that the gravitational redshift with the fixed central density can be approximately

expressed as a linear function of η, as in Fig. 2(b). Then, in the same way to derive equation (3),

we can derive the theoretical formula of gravitational redshift

z = 0.00859 − 0.0619uc + 0.0255u2
c − (0.0429 − 0.108uc + 0.0120u2

c)
( η

100 MeV

)
. (4)

Via the simultaneous observations of mass and gravitational redshift could tell us the nuclear matter

parameter η and ρc, using equations (3) and (4).

Futhermore, we plot the stellar radii for ρc = 1.5ρ0 and 2.0ρ0 in Fig. 4. From this figure,

one can observe that the stellar radii strongly depend on the central density for η ! 90 MeV, while

converging to an almost linear function of η for η " 90 MeV expressed as

R [km] = 10.32 + 2.57
( η

100 MeV

)
. (5)

Note that this converging behavior holds for ρc = 1.5ρ0 ∼ 2ρ0. Again, one could find not only η

but also ρc with the mass and radius formulae derived here, via the direct observations of masses

and radii of low-mass neutron stars.

In summary, we have been first successful to derive the theoretical formulae of mass, radius,

and gravitational redshift for low-mass neutron stars, as functions of the stellar central density and

a new nuclear matter parameter η we found here. Via the direct observations of low-mass neutron

stars, such as the low-mass X-ray binaries, one can extract not only the nuclear matter parameter

but also the stellar central density, which enables us to unlock the neutron star physics.

6
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vanishes. It is not clear up to what density the adopted unified-EOSs are applicable. Nonetheless,

one can expect that the uncertainty from three-neutron interactions in the EOS of pure neutron

matter becomes relevant for ρ ! 2ρ0, as suggested by quantum Monte Carlo calculations28. We

thus examine the stellar models for ρc ≤ 2ρ0.
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powers of the parameters K0 and L in finding η. Note that we do not adopt the OI-EOS with

L " 10 MeV14, 15, because the pressure can become negative inside the star, which may tell us the

lower limit of η as η ! 30 MeV. Meanwhile, the upper limit sets that η " 200 MeV (Extended
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associated with the shift of atomic absorption lines emitted from stellar surface.
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rraaddiiii  ooff  llooww--mmaassss  NNSSss  

•  wwiitthh  uussiinngg  tthhee  ffoorrmmuullaass  ooff  mmaassss  aanndd  ggrraavviittaattiioonnaall  rreeddsshhiifftt,,  
oonnee  ccaann  aallssoo  pprreeddiicctt  tthhee  rraaddiiuuss  ooff  NNSS..    
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Fig. 4.— Neutron star radii as a function of η. The stellar models constructed from various

unified EOSs are given for ρc = 1.0ρ0 (black), 1.5ρ0 (red), and 2.0ρ0 (blue). The solid,

broken and dotted lines are the the formula values for the cases of ρc = 2.0ρ0, 1.5ρ0, and

1.0ρ0, respectively, obtained from equations (2) and (3). The thick straight line denotes the

converging behavior expressed by equation (4).
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aapppplliiccaattiioonn  ooffη    

•  UUnnlliikkee  MM,,  RR  iiss  ggeenneerraallllyy  mmuucchh  mmoorree  ddiiffffiiccuulltt  ttoo  ddeetteerrmmiinnee  
•  TThheerrmmaall  eemmiissssiioonn  ffrroomm  NNSS  ssuurrffaaccee  mmuusstt  bbee  oonnee  ooff  tthhee  
ggoooodd  cchhaanncceess  ttoo  oobbttaaiinn  tthhee  iinnffoorrmmaattiioonn  aassssoocciiaatteedd  wwiitthh  RR..  
–  tthheerrmmoonnuucclleeaarr  XX--rraayy  bbuurrssttss  aatt  NNSS  ssuurrffaacceess  
–  pphhoottoosspphheerriicc  rraaddiiuuss  eexxppaannssiioonn  
–  qquuiieesscceenntt  llooww--mmaassss  XX--rraayy  bbiinnaarriieess  

•  wwee  aaddoopptt  tthhee  ccoonnssttrraaiinnttss  oonn  ((MM,,RR))  oobbttaaiinneedd  bbyy  SSuulleeiimmaannoovv  
eett  aall..  ((22001111)),,  bbeeccaauussee  tthheeiirr  rreessuullttss  aarree  mmiinniimmiizzeedd  tthhee  
tthheeoorreettiiccaall  uunncceerrttaaiinnttiieess..  
–  tthheeyy  aaddoopptt  tthhrreeee  ddiiffffeerreenntt  aattmmoosspphheerree  mmooddeell,,  ii..ee..,,  HH,,  HHee,,  &&  ZZ  ==  00..33ZZ⊙  

–  tthheeyy  aaddoopptt  tthhee  wwhhoollee  ccoooolliinngg  ttrraacckk  
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aalllloowweedd  rreeggiioonn  iinn  MMRR  rreellaattiioonn  

  

  

  

  

  

•  RR  ≧1133  kkmm  ffoorr  NNSS  iinn  44UU  11660088–5522,,  iiff  mmaasssseess  aarree  iinn  tthhee  rraannggee  ooff  11..22–
22..44MM⊙  ((PPoouuttaanneenn  eett  aall..  aarrXXiivv::11440055..22666633))  
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ccoonnssttrraaiinntt  oonn  ((LL,,  KK00))  

Jun./30/2015 NuSYM15@Krakow 12 

180 240 300 36050

80

110

140

K0 (MeV)

L 
(M

eV
)

� = 130

� = 140

� = 120



ssuummmmaarryy  

•  MM  &&  RR  ooff  ((llooww--mmaassss))  NNSSss  aarree  bbeeccoommiinngg  ttoo  ddeetteerrmmiinnee  
oobbsseerrvvaattiioonnaallllyy..  
–  llooww--mmaassss  NNSSss  aarree  ssttrroonnggllyy  aassssoocciiaatteedd  wwiitthh  tthhee  EEOOSS  ffoorr  llooww--ddeennssiittyy  rreeggiioonn  

•  wwee  ffooccuuss  oonn  tthhee  NNSS  mmooddeellss  wwiitthh  ρ≲  22ρ00,,  aaddooppttiinngg  tthhee  uunniiffiieedd  
EEOOSS  mmooddeellss..  

•  wwee  aarree  ssuucccceessssffuull  ttoo  ddeerriivvee  tthhee  ffoorrmmuullaass  ooff  mmaassss  aanndd  
ggrraavviittaattiioonnaall  rreeddsshhiifftt  ffoorr  llooww--mmaassss  NNSS,,  aass  ffuunnccttiioonnss  ooff  NNSS  
cceennttrraall  ddeennssiittyy  aanndd  aa  nneeww  nnuucclleeaarr  mmaatttteerr  ppaarraammeetteerr..  
–  aallssoo  pprreeddiicctt  tthhee  sstteellllaarr  rraaddiiuuss  
–  pprroobbaabbllyy,,  iinnddeeppeennddeenntt  ooff  tthhee  EEOOSS  mmooddeellss  
–  tthhiiss  iiss  ddiirreecctt  ccoonnnneeccttiioonn  bbeettwweeeenn  tthhee  nnuucclleeaarr  pphhyyssiiccss  &&  aassttrroopphhyyssiiccss..  

•  wwee  sshhooww  aa  pprroossppeecctt  ttoo  ccoonnssttrraaiinn  tthhee  ssaattuurraattiioonn  ppaarraammeetteerrss  vviiaa  
tthhee  ddiirreecctt  oobbsseerrvvaattiioonnss  ooff  NNSSss..    
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